We investigate the electromagnetic form factors of the ∆ and the Ω baryons within the Poincaré-covariant framework of Dyson-Schwinger and Bethe-Salpeter equations. The three-quark core contributions of the form factors are evaluated by employing a quark-diquark approximation. We use a consistent setup for the quark-gluon dressing, the quark-quark bound-state kernel and the quark-photon interaction. Our predictions for the multipole form factors are compatible with available experimental data and quark-model estimates. The current-quark mass evolution of the static electromagnetic properties agrees with results provided by lattice calculations.
I. INTRODUCTION
Testing the nucleon structure continues to be one of the most challenging tasks for contemporary experiments in particle physics. Pion, photon and electron scattering off nucleon targets reveal the non-pointlike nature of the nucleon by measuring the interactions that take place amongst the nucleon's constituents.
The lowest-lying excited state of the nucleon, the ∆(1232) baryon, plays an equally important role. It is produced in such experiments at LEGS, BATES, MAMI and Jefferson Lab. Its mass and decay width are experimentally established. Because the ∆ mainly decays into πN and much less into γN , pionic effects are expected to contribute significantly to its properties. The very small mean lifetime of the ∆ translates into a highly unstable electromagnetic transition ∆γ∆, making a measurement of its electromagnetic properties very difficult. For example, the Particle Data Group quotes an estimate that "is only a rough guess of the range" for the magnetic moment µ ∆ ++ 3.7...7.5 µ N in π + p → π + γp experiments [1] . The MAMI result for the ∆ + magnetic moment, obtained in pion radiative photoproduction γp → π 0 γ p, is given by µ ∆ + = 2.7 +5.5 −5.8 µ N which includes both experimental and theoretical errors [2] . Information on ∆ 0 and ∆ − static electromagnetic properties is totally missing, and there are no experimental results for the evolution of the charge and magnetic properties with Q 2 = 0. On the other hand, further insight has been achieved through the measurement of the N γ∆ transition [3] [4] [5] [6] [7] [8] [9] [10] , * Electronic address: nicmorus@th.physik.uni-frankfurt.de where knowledge of the helicity amplitudes, the electric quadrupole and the Coulomb quadrupole form factors of the transition allows for an extraction of the ∆'s electric quadrupole moment [5] .
Theoretically the description of the ∆ has been very challenging as well. Its properties have been studied in quark model calculations [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , Skyrme models [23] [24] [25] , chiral cloudy bag models [26, 27] , as well as chiral effective field theory [28] [29] [30] [31] [32] [33] . In the absence of (accurate) experimental information, model predictions can be checked by lattice QCD. While the current-quark mass dependence of the baryon decuplet's static electromagnetic properties and related issues of their chiral extrapolation have been studied for quite some time [34] [35] [36] [37] [38] , lattice results for the electromagnetic form factors' Q 2 −evolution for a wider range of photon momenta have become available only recently [39] [40] [41] .
Understanding the structure of the ∆ baryon, its deformation from sphericity, and the connection to the properties of the nucleon via the N γ∆ quadrupole transitions must be complemented by extensive research of the electromagnetic vertex ∆γ∆. Comparative studies of both the N γ∆ and ∆γ∆ transition will reveal to which extent the deformation of the ∆-baryon is provided by orbital angular-momentum components of its constituents. Naturally such a study will also shed light onto the nature of the ∆ as a pure quark state, rather than a molecular state. Finally, perhaps the most important issue to be answered is the chiral cloud content of the ∆-baryon.
In connection to this, a QCD-motivated quark-core analysis of ∆ electromagnetic form factors within the framework of Dyson-Schwinger equations (DSEs), together with hadronic bound-state equations, is expected to provide further insight. Dyson-Schwinger equations constitute a fully self-consistent infinite set of coupled integral equations for QCD's Green functions. They provide a tool to access both perturbative and nonperturbative regimes of QCD; see [42] [43] [44] for reviews. The most prominent phenomena emerging in the latter are dynamical chiral symmetry breaking, confinement, and the formation of bound states which require a nonperturbative treatment.
Hadrons and their properties are studied in this approach via covariant bound-state equations, see [45] [46] [47] and references therein. While mesons can be described by solutions of the qq-bound-state Bethe-Salpeter equation (BSE), the case of a baryon is more involved. The three-body equivalent of the BSE is the covariant Faddeev equation. It was recently solved for the nucleon mass by implementing a rainbow-ladder (RL) truncation, i.e. a dressed gluon-ladder exchange kernel between any two quarks, thereby enabling a direct comparison with corresponding meson studies [48, 49] .
In the absence of a solution for the ∆ in this framework, a practicable simplification of the problem is based on the observation that the attractive nature of quark-antiquark correlations in a color-singlet meson is also attractive for3 C quark-quark correlations within a color-singlet baryon. This provides the tools for studying the threequark problem by means of a covariant quark-'diquark' bound-state BSE [50, 51] . At the current level of complexity, the importance of meson-cloud effects in the chiral and low-momentum structure of hadrons is not yet accounted for, hence the framework aims at a description of the hadronic quark core.
In the present work we adopt this procedure to compute the electromagnetic properties of the ∆(1232). This augments our previous investigations of quark-core contributions to the ∆-baryon mass [52, 53] and nucleon mass and form factors [54, 55] . At the same time it represents an intermediate step towards the description of the nontrivial N → ∆γ transition.
We organize the manuscript as follows: in Section II we briefly summarize the Poincaré-covariant Faddeev approach to baryons and its simplification to a quarkdiquark picture; and we collect the ingredients of the covariant quark-diquark BSE. In Section III we discuss the properties and construction of the ∆ electromagnetic current operator. In Section IV we present and comment on the results for the ∆ electromagnetic form factors and static properties. We also compare our results with a selection of lattice-QCD results as well as the available experimental data for the ∆ and Ω baryon. Technical details of the calculation are collected in Appendices A-C. Throughout this paper we work in Euclidean momentum space and use the isospin-symmetric limit m u = m d . 
II. QUARK-DIQUARK FADDEEV-EQUATION FRAMEWORK
Baryonic bound states correspond to poles in the threequark scattering matrix. The three-quark bound-state amplitude is defined as the residue at the pole associated to a baryon of mass M . It satisfies a covariant homogeneous integral equation, which, upon neglecting irreducible three-body interactions, leads to the covariant Faddeev equation [56] that traces the binding mechanism of three quarks in a baryon to its quark-quark correlations.
A viable truncation of the Faddeev equation introduces diquarks as explicit degrees of freedom. It has been demonstrated that the same mechanism that binds colorsinglet mesons is suitable to account for an attraction in the corresponding diquark channels within the baryon [57, 58] . In particular, a color-singlet baryon emerges as a bound state of a color-triplet quark and color-antitriplet diquark correlations which are implemented via a separable sum of pseudoparticle-pole contributions in the quark-quark scattering matrix.
This procedure leads to a quark-diquark BSE on the baryon's mass shell, where the lightest diquarks, i.e. the scalar 0 + and axial-vector 1 + ones, have been used to describe the nucleon. The spin− 3 /2 and isospin− 3 /2 flavor symmetric ∆ necessitates only axial-vector diquark correlations; its quark-diquark BSE reads [51, 59] 
where P is the total baryon momentum, k q , k d are quark and diquark momenta, p, k are the quark-diquark relative momenta, and k denotes d 4 k/(2π) 4 . Greek superscripts represent Lorentz indices, Greek subscripts fermion indices. The amplitudes Φ µν αβ (p, P ) are the matrix-valued remainders of the full quark-diquark amplitude Φ µν αβ (p, P ) u ν β (P ) for the ∆, where u ν β (P ) is a Rarita-Schwinger spinor describing a free spin-3/2 particle with momentum P .
In order to solve Eq. (1) one needs to specify the dressed-quark propagator S, the axial-vector diquark propagator D ρσ , and the axial-vector diquark amplitude Γ ν and its charge-conjugate Γ ν which appear in the
(Color online) Quark DSE (4) and diquark BSE (7) in rainbow-ladder truncation.
quark-diquark kernel:
where subscripts "r" denote quark-quark relative momenta and "d" diquark momenta. The mechanism which binds the ∆ and is expressed through Eqs. (1-2) is an iterated exchange of roles between the single quark and any of the quarks contained in the diquark. This exchange is depicted in Fig. 1 . A solution of the quark-diquark BSE for the ∆ was presented in Ref. [52] and corresponding results for its mass were reported therein. In the following subsections we proceed by recollecting the ingredients of Eq. (1).
A. Quark propagator and quark-gluon coupling
The fundamental building block which appears in Eqs. (1) (2) and connects the quark-diquark model and resulting hadron properties with the underlying structure of QCD is the dressed quark propagator S(p). It is expressed in terms of two scalar functions,
namely the quark wave-function renormalization 1/A(p 2 ) and the quark mass function M (p 2 ). Dynamical chiral symmetry breaking becomes manifest through a nonperturbative enhancement of both dressing functions M (p 2 ) and A(p 2 ) at small momenta which indicates the dynamical generation of a large constituent-quark mass.
Such a dynamical enhancement emerges in the solution of the quark DSE, cf. Fig. 2 :
where Z 2 is the quark renormalization constant and m the bare current-quark mass which constitutes an input of the equation. The interaction kernel K includes the dressed gluon propagator as well as one bare and one dressed quark-gluon vertex.
In principle, the dressed gluon propagator and quarkgluon vertex could be obtained as solutions of the infinite coupled tower of QCD's DSEs, together with all other Green functions of the theory. In practical numerical studies one employs a truncation: only a subset of the infinite system of equations is solved for explicitly; Green functions appearing in the subset but not solved for are represented by substantiated ansätze.
In connection with meson properties, e.g. to establish the pion as the Goldstone boson of spontaneous chiral symmetry breaking, it is imperative to employ a truncation that preserves the axial-vector Ward-Takahashi identity. The latter connects the kernel of the quark DSE with that of a meson BSE, ensures a massless pion in the chiral limit and leads to a generalized Gell-Mann-OakesRenner relation [60, 61] . Such a symmetry-preserving truncation scheme was described in [62, 63] , and its lowest order is the rainbow-ladder (RL) truncation which amounts to an iterated dressed-gluon exchange between quark and antiquark. It has been extensively used in Dyson-Schwinger studies of hadrons, see e.g. [64, 65] and references therein. The RL truncation retains only the vector part ∼ γ µ of the dressed quark-gluon vertex. Its non-perturbative dressing, together with that of the gluon propagator, is absorbed into an effective coupling α(k 2 ) which is modeled. The kernel K of both quark DSE and meson BSE then reads:
where T µν k = δ µν −k µkν is a transverse projector with respect to the gluon momentum k = q − p, andk µ = k µ / √ k 2 denotes a normalized 4-vector. At large gluon momenta, the effective coupling α(k 2 ) is constrained by perturbative QCD; in the deep infrared, its behavior is irrelevant for hadronic ground states [66] . At small and intermediate momenta it must exhibit sufficient strength to allow for dynamical chiral symmetry breaking and the dynamical generation of a constituent-quark mass scale. We employ the frequently used ansatz [67] 
where the second term reproduces the logarithmic decrease of QCD's perturbative running coupling and vanishes at k 2 = 0. The first term supplies the necessary infrared strength and is characterized by two parameters: an infrared scale Λ and a dimensionless width parameter η, cf. Fig. 3 . (They are related to the infrared parameters of Ref. [52] 
The interaction of Eq. (6) provides a reasonable description of pseudoscalar-meson, vector-meson and nucleon ground-state properties if the scale Λ is adjusted to reproduce the experimental pion decay constant and kept fixed for all values of the quark mass (see [52, 64, 68] and references therein). The corresponding value is Λ = 0.72 GeV. Furthermore, these observables have turned out to be insensitive to the shape of the coupling in the infrared [64, 67] ; i.e., to a variation of the parameter η around the value η ≈ 1.8.
Other quantities, most notably the masses of axialvector and pseudoscalar isosinglet mesons, are not reproduced so well in a RL truncation. Efforts to go beyond RL have been made, and are underway (see e.g. [69] [70] [71] ), but typically require a significant amplification of numerical effort. In recent studies certain additional structures in the quark-gluon vertex, and for consistency also in the quark-antiquark kernel, have proven capable to provide a better description of such observables as well [70] [71] [72] [73] [74] .
On the other hand, substantial attractive contributions come from a pseudoscalar meson cloud which augments the 'quark core' of dynamically generated hadron observables in the chiral regime, whereas it vanishes with increasing current-quark mass. A viewpoint explored in Ref. [75] was to identify RL with the quark core of chiral effective field theory which, among other corrections, must be subsequently dressed by pion-cloud effects. From this perspective a coincidence of RL results in the chiral region with experimental or lattice data becomes objectionable. The properties of a hadronic quark core were then mimicked by implementing a current-mass dependent scale Λ(m) which is deliberately inflated close to the chiral limit, where Λ ≈ 1 GeV. As a result, massdimensionful π, ρ, N and ∆ observables were shown to be consistently overestimated and mostly compatible with quark-core estimates from quark models and chiral perturbation theory; for a detailed discussion, see [52, 54, 75] .
In the present work we employ this 'core model' of Ref. [75] to compute the ∆γ∆ transition properties. However, as we will argue in Section IV, the distinction between the core model (Λ(m)) and the fixed-scale version (Λ = 0.72 GeV) becomes mostly irrelevant once the scale of dynamical chiral symmetry breaking (here: the mass of the ∆) has been set and all dimensionful quantities are expressed in terms of this scale. We finally stress that through Eq. (6) all parameters of the interaction α(k 2 ) are fixed by using information from π− and ρ−meson core properties only.
B. Diquarks
Various theoretical approaches as well as experimental observations indicate that the strong attraction between two quarks to form diquarks within a baryon is a key feature for a better understanding of hadron properties [76, 77] . This entails that the quark-quark scattering matrix is dominated by diquark degrees of freedom at small spacelike and timelike values of the total twoquark momentum P . A certain singularity structure in the timelike region indicates the presence of diquark mass scales within a baryon. In the simplest case such a structure can be realized through timelike diquark poles at certain values of P 2 , i.e.
av , which characterize the lightest diquarks, namely the scalar and axial-vector ones. Diquarks carry color and are hence not observable; yet such a pole structure does per se not contradict diquark confinement, see e.g. [43] .
In the present context, timelike diquark poles emerge as an artifact of the RL truncation which does not persist beyond RL [63] . In complete analogy to a meson or baryon case, it nevertheless allows to derive boundstate equations at these poles which determine the onshell scalar and axial-vector diquark amplitudes that appear in Eq. (2), together with their masses. The assumption that this separable structure of the scattering matrix persists for all values of P 2 is the underlying condition which simplifies the Faddeev equation to a quark-diquark model.
Compared to the nucleon, only an isospin-1 diquark can contribute to the isospin-3 /2 ∆ amplitude which excludes the involvement of a scalar diquark. The BetheSalpeter equation for the on-shell axial-vector diquark amplitude Γ µ reads (9), where the labeling corresponds to Eq. 18 of Ref. [52] . The remaining components f3, f5 and f8 are small and not displayed.
where P is the diquark momentum, p is the relative momentum between the two quarks in the diquark bound state and q ± = ±q + P/2 are the quark momenta. The equation has the same shape as a vector-meson BSE; in a RL truncation the kernel K is given by Eq. (5). The inherent color structure of the kernel leads to prefactors 4/3 and −2/3 for the integrals in (4) and (7), respectively. Poincaré covariance entails that the axial-vector diquark amplitude does not only consist of its dominant structure ∼ γ µ C, but involves 12 momentum-dependent basis elements which are self-consistently generated upon solving Eq. (7).
The diquark BSE only specifies the on-shell diquark amplitude, i.e. at P 2 = −m 2 av . Diquarks in a baryon are offshell. Information on the off-shell behavior of the scattering matrix T can be inferred from its Dyson series, schematically written as T = K + KSS T . Reinserting the separable ansatz T = Γ µ D µν Γ ν yields an expression for the axial-vector diquark propagator D µν (P ):
where Q µν and F µν are one-and two-loop integrals involving diquark amplitudes, the quark propagator and the RL kernel K, and λ and β are related to their onshell values; see [47, 52] for details. Eq. (8) completely specifies the diquark propagator from its substructure.
On the mass shell, it behaves like a transverse particle pole:
, whereas for offshell momenta, via Dyson's equation, it picks up nonresonant contributions which are implicit in the T-matrix but cannot be described by a free-particle propagator.
All ingredients of the quark-diquark BSE (1) are now specified: the quark propagator as obtained from the quark DSE (4), the diquark amplitude as a solution of the diquark BSE (7), and the diquark propagator from Eq. (8); all obtained within a RL truncation that involves the effective coupling α(k 2 ). To compute the amplitude and mass of the ∆ baryon numerically, the structure of the on-shell quark-diquark amplitude Φ µν must be specified. It is decomposed into 8 covariant and orthogonal basis elements:
where P is the ∆ onshell momentum with
The Rarita-Schwinger projector onto positive energy and spin-3/2 is given by
where Λ + (P ) = (1 +/ P )/2 is the positive-energy projector, T αβ P = δ αβ −P αP β is a transverse projector with respect to the total momentum, and γ
The details of the calculation as well as results for the ∆ mass were reported in Ref. [52] . A partial-wave analysis of the quark-diquark amplitude assigns total quarkdiquark spin and orbital angular momentum quantum numbers to each of the 8 basis elements. Upon performing the flavor-color traces, a standard procedure to solve the quark-diquark BSE involves a Chebyshev expansion in the angular variablep ·P and leads to coupled one-dimensional eigenvalue equations for the Chebyshev moments of the dressing functions f ∆ k . They match the BSE solution at
The ∆ mass in Ref. [52] was calculated for both model versions discussed in Sec. II A. Using a fixed scale Λ = 0.72 GeV yields the result M ∆ = 1.28 GeV which is reasonably close to the experimental value 1.232 GeV. In the core version, where Λ = 0.98 GeV at the u/d mass, the result is M ∆ = 1.73(5) GeV, where the bracket denotes the sensitivity to the infrared width parameter η. From the perspective of chiral effective field theory, pionic effects should reduce the ∆ mass by merely ∼ 300 MeV which might indicate the relevance of further diquark channels in describing ∆ properties. On the other hand the 'core' ∆ in the present approach is not a resonance since the ∆ → N π decay channel is not accounted for in the quark-diquark kernel, and a corresponding nonzero width might impact on its mass as well.
The result for the ∆ amplitude, as obtained in the RL-truncated quark-diquark approach, is dominated by an s−wave component in its rest frame, cf. Fig. 4 . The subleading s−, p− and d−wave amplitude components are significantly suppressed compared to this structure which corresponds to τ µρ 1 = δ µρ in Eq. (9) . A similar observation holds for the nucleon amplitude and might indicate that orbital angular-momentum correlations in these baryons' amplitudes are dominated by pionic effects which are absent in our setup.
III. DELTA ELECTROMAGNETIC FORM FACTORS A. Electromagnetic current operator
Having numerically calculated the ∆-baryon amplitudes, we proceed with the construction of the ∆ electromagnetic current. It can be written in the form
which is derived in App. B 2. The exchanged photon momentum is denoted by Q = P f − P i , where P i and P f are the initial and final momenta of the ∆ and P = (P i + P f )/2 is its average total momentum. The RaritaSchwinger projectors were defined in Eq. (10). The electromagnetic current is expressed in terms of four form factors F i (Q 2 ). The experimentally measured ∆ form factors -Coulomb monopole G E0 , magnetic dipole G M 1 , electric quadrupole G E2 , and magnetic octupole G M 3 -can be expressed through linear combinations of the F i (Q 2 ) [78, 79] :
Their static dimensionless values are given by
where e ∆ ∈ {2, 1, 0, −1} is the ∆ charge, µ ∆ its magnetic dipole moment, Q the electric quadrupole moment, and O the magnetic octupole moment. Equivalently, one has
These form factors are dimensionless. Their dimensionful values are given by
B. Construction of the electromagnetic current
To compute the electromagnetic properties of the ∆-baryon in a given framework, one must specify how the photon couples to its constituents. In the quark-diquark context this amounts to resolving the coupling of the photon to the dressed quark, to the diquark, and to the interaction between them, where the incoming and outgoing baryon states are described by the quark-diquark amplitudes of Eq. (9).
The construction of this current is based on a procedure which automatically satisfies electromagnetic gauge invariance [80, 81] . The corresponding diagrams are depicted in Fig. 5 and worked out in detail in App. C. The upper left diagram describes the impulse-approximation coupling of the photon to the dressed quark and involves the quark-photon vertex. The lower left diagram is the respective coupling to the diquark and depends on the axial-vector diquark-photon vertex. The upper right diagram depicts the photon's coupling to the exchanged quark in the quark-diquark kernel, and the lower two diagrams its coupling to the diquark amplitudes which involve seagull vertices.
At the level of the constituents, electromagnetic current conservation Q µ J µ,ρσ = 0 translates to WardTakahashi identities which constrain these vertices and relate them to the previously determined quark and diquark propagators and diquark amplitudes. Nevertheless, the vertices may involve parts transverse to the photon momentum which are not constrained by current conservation and yet encode important physics. A selfconsistent determination of such transverse parts is in principle possible but requires certain numerical effort. For instance, the quark-photon vertex can be computed from its rainbow-ladder truncated inhomogeneous BetheSalpeter equation which unambiguously fixes its transverse contribution [82] . As expected from vector-meson dominance models, the latter exhibits a ρ−meson pole at
ρ . In the present calculation we construct the quarkphoton vertex from its component fixed by the WTI, i.e. the Ball-Chiu vertex, augmented by a transverse ρ-meson pole contribution that is modeled after the result in [82] . An analogous construction is used for the axialvector seagull vertex. Having fixed those, the axial-vector diquark-photon vertex is completely specified. The details of the construction are presented in Apps. C 2-C 4. 
IV. RESULTS AND DISCUSSION
We have calculated the electromagnetic properties of the ∆ within the decomposition of Fig. 5 for the electromagnetic current. This is achieved by specifying expressions for the quark-photon vertex, the diquark-photon vertices and the seagull terms. All necessary ingredients that enter this calculation, such as the quark and diquark propagators and the axial-vector diquark and ∆ amplitudes, were explained in Section II. Through the decomposition of Fig. 5 all resulting ∆ properties are traced back to the effective quark-gluon coupling in Eq. (6). Specifically, one can investigate the impact of the infrared properties, controlled by the width parameter η (cf. Fig. 3 ), on resulting observables. This is indicated by the colored bands in Figs. 6 and 7 .
In Fig. 6 we depict the core contributions to the ∆ + electromagnetic form factors, calculated at the physical point m π = 140 MeV and compared to lattice data at three different pion masses [40] . As can be seen from the figure, we find a good overall agreement between our results and those obtained on the lattice. Because we assume isospin symmetry, the ∆ ++ , ∆ 0 and ∆ − form factors are simply obtained by multiplying those of the ∆ + with the appropriate charges, cf. App. C 5. We note that the ∆ in our core calculation is a stable bound state and not a resonance, i.e. it does not develop a width. Nonanalyticities associated with the decay channel ∆ → N π which would appear for M ∆ − M N > m π , corresponding to the domain m π 300 MeV, are therefore absent. The same is true for the available lattice results which are obtained at pion masses above this threshold.
Since the ∆ is highly unstable, the available experimental data for its electromagnetic decays are rather poor. Only the magnetic moments of ∆ + and ∆ pares well with quark-model predictions and chirally extrapolated lattice results which typically quote values G M 1 (0) ∼ 3 . . . 4, see [22] and references therein.
The deformation of the ∆ is encoded in its electric quadrupole and magnetic octupole form factors. Nonrelativistically, a negative sign for the electric quadrupole moment G E2 (0) indicates an oblate charge distribution for the ∆ in the Breit frame. (A different interpretation arises in the infinite-momentum frame, see [40] ). From the measurement of the N γ∆ transition, one can infer the value G E2 (0) = −1.87 (8) in the large-N C limit [40, 83] ; comparable values are predicted by a range of constituent-quark models [20] . The impact of pionic corrections upon the low-Q 2 behavior of G E2 is however unclear. While the lattice data of Ref. [40] are limited by large statistical errors which prevent an accurate extrapolation to Q 2 = 0, they indicate a negative value for G E2 (0) as well. Our result for the electric quadrupole moment, G E2 (0) = −1.32 (16) , is negative and compatible with these results. We note that G E2 (Q 2 ) develops a zero-crossing at Q 2 /M 2 ∆ ∼ 0.6, a feature which is unexpected but not clearly excluded from the available lattice results. The lattice signal for the magnetic octupole form factor G M 3 (Q 2 ) is weak and plagued by large error bars, especially at low Q 2 . At next-to-leading order in a chiral expansion, the magnetic octupole moment vanishes [84] . Our calculation yields a small and negative form factor; the corresponding magnetic octupole moment is G M 3 (0) = −0.26 (4) .
An ambiguity arises when comparing our form factor results, calculated with an implicit 'core' mass M ∆ > M exp ∆ , to experimental and lattice data. Form factors are dimensionless, hence they can only depend on dimensionless variables. To account for this, the electromagnetic form factors in Fig. 6 (GeV fm) 2 . Lower left panel: ∆ magnetic moment, expressed in static nuclear magnetons and compared to lattice data [36] [37] [38] 40] . Lower right panel: squared electric charge radius compared to lattice results [38, 40] . Stars denote experimental values [1] : for the ∆ we plot µ ∆ ++ /2; for the Ω − we show |µ Ω − |. The dashed vertical lines indicate the positions of the u/d− and strange-quark mass. Note that there is no ss pseudoscalar meson in nature; the value mss = 0.69 GeV corresponds to a meson-BSE solution at a strange-quark mass ms = 150 MeV [61] .
scale must be defined as well to convert dimensionless lattice results into physical units. Hence, an unambiguous comparison between different theoretical approaches and experiment should ideally involve dimensionless quantities.
In the upper left panel of Fig. 7 we show our results for the dimensionless form factors G M 1 , G E2 and G E3 at vanishing photon momentum transfer Q 2 = 0. For two quark flavors with equal masses the ∆ − becomes identical to the Ω − -baryon when evaluated at the value for the strange-quark mass, as the Ω − is a pure sss state. Experimentally, M Ω = 1.672 GeV and µ Ω − = −2.02(5)µ N which implies |G M 1 (0)| = M Ω /M N |µ Ω − | = 3.59 (9) . Our result for G M 1 (0) is almost independent of the currentquark mass and agrees reasonably well with the experimental value for the Ω − . This is an encouraging result as pionic effects should have diminished in the vicinity of the strange-quark mass above which the baryon is increasingly dominated by its core. A similar behavior can also be observed for G E2 (0) and G M 3 (0) which are negative throughout the current-mass range.
The ∆ magnetic moment is given by
where M ∆ is running with the current-quark mass; hence its value in static nuclear magnetons is given by the bracket in Eq. (15) . To compare with experiment or lattice, we must again bear in mind that our calculated ∆ mass is different from the one which is measured (or obtained in lattice calculations), and that the unambiguous comparison of magnetic moments is that of the dimensionless value G M 1 (0). To account for this, we plot µ ∆ in Fig. 7 by replacing M ∆ in Eq. (15) by the following reference mass: The charge radius corresponding to a form factor G i (Q 2 ) is defined as
where c = 0.197 GeV fm. We display the dimensionless squared charge radii
∆ in the upper right panel of Fig. 7 . Again their current-mass dependence is found to be weak. The dependence on the infrared width η arises from M ∆ which has a sizeable dependence on η, cf. Table I. In the lower right panel of Fig. 7 we display the rescaled squared charge radius
It shows a satisfactory agreement with the lattice data at larger pion masses, where the ∆ is mainly described by its core. At the u/d mass, its value is 0.70(6) fm 2 . It is noteworthy that an investigation of dimensionless properties effectively removes the model dependence between the 'core' version and the fixed-scale version of the coupling in Eq. (6) which was discussed in Section II A. In the chiral limit, in the absence of a current-quark or pion mass, the input scale Λ of Eq. (6) is the only relevant scale in all our calculations. For instance, hadron masses scale with Λ. Since the properties of a quark core were modeled solely by increasing Λ, the discrepancy between the two models disappears when comparing dimensionless values. Nevertheless, since both models describe a quark core (pionic effects are absent in either of them), characteristic chiral features induced by pionic corrections, such as a logarithmically divergent ∆ charge radius, can naturally not be reproduced.
On a related note, the estimation of chiral cloud effects from a pure quark-core calculation is not unambiguous. For instance, adding pionic effects in the quarkdiquark kernel would affect the Bethe-Salpeter normalization of the ∆ amplitude, a condition which is equivalent to charge conservation: G E0 (0) = 1. Charge conservation must always be satisfied, irrespective of whether pionic effects are included or not. Hence the effective core contribution to the form factors of a ∆-baryon that is dressed by pionic degrees of freedom would be smaller.
The resulting 'renormalization' of all form factors would be independent of Q 2 but would depend on the currentquark mass: at large masses, the difference should diminish as pionic effects become small. It is reassuring that the ∆ magnetic moment and electric charge radius displayed in Fig. 7 agree quite well with experimental and lattice results in this domain.
We have established that the static limits of the four form factors depend only weakly on the current-quark mass. It is remarkable that the same can also be said for their Q 2 −dependence: when plotted over Q 2 /M 2 ∆ , the overall shape of Fig. 6 persists throughout the currentquark mass range. For instance, the position of the zero crossing in
, is almost independent of the value of m π . Thus, our resulting form factors for the Ω − are not materially different from those of the ∆ once their inherent mass dependence is scaled out. The same pattern appears to be valid for the lattice results as well: when plotted over
, the results at different pion masses follow a similar Q 2 −evolution. We finally note that the current setup prohibits an investigation of form factors beyond
2 because of timelike and/or complex singularities that appear in the quark propagator and quark-quark scattering matrix. Irrespective of its details which are truncation-dependent, such a singularity structure is an inevitable feature of these Green functions and must be accounted for in order to investigate the large-Q 2 domain. As an intermediate step it might be worthwhile to study this regime with the help of pole-free model propagators, a procedure which has been adopted in Ref. [85] in the context of nucleon electromagnetic form factors.
V. CONCLUSIONS
We provided a calculation of ∆ and the Ω electromagnetic form factors in a Poincare-covariant quarkdiquark approach. All quark and diquark ingredients were determined self-consistently from Dyson-Schwinger and Bethe-Salpeter equations and thereby related to the fundamental quantities in QCD. We employed a rainbowladder truncation which corresponds to a dressed gluon exchange between the quarks inside the diquark. Since pion-cloud effects are not implemented, our results describe the ∆ quark core.
The Qdius are close to those obtained in lattice QCD. Moreover, the magnetic moment evaluated at the strangequark mass agrees well with the experimental value for the Ω − . In summary, the results collected herein show good agreement with lattice observations, quark model analyses and the available experimental data. Near-future measurements at MAMI and JLab facilities remain to validate these predictions for the ∆'s electromagnetic properties. From this perspective, while the N → ∆γ transition is accurately measured, a forthcoming extension of our approach to the investigation of spin-3 /2 → spin-1 /2 electromagnetic transitions will constitute a nontrivial test for the Poincaré-covariant framework presented herein. Moreover, a study of the evolution of the ∆ electromagnetic form factors at large values of the photon momentum transfer is desirable. Naturally this constitutes a very challenging task, in particular since data collection for electromagnetic properties of baryon resonances at large Q 2 is due to begin. Finally, in view of a better understanding of the structure of baryons, our approach can be methodically improved by eliminating the diquark ansatz in support of a fully Poincaré-covariant solution of the three-quark Faddeev equation. We have recently reported on numerical results for the nucleon mass in such a framework [48] . In parallel we intend to augment our analysis by developing compatible tools to incorporate missing chiral cloud effects. We work in Euclidean momentum space with the following conventions:
A vector p is spacelike if p 2 > 0 and timelike if p 2 < 0. The hermitian γ−matrices γ µ = (γ µ ) † satisfy the anticommutation relations {γ µ , γ ν } = 2 δ µν , and we define
In the standard representation one has:
where σ k are the three Pauli matrices. The charge conjugation matrix is given by
and the charge conjugates for (pseudo-) scalar, (axial-) vector and tensor amplitudes are defined as
where T denotes a Dirac transpose. Four-momenta are conveniently expressed through hyperspherical coordinates:
and a four-momentum integration reads:
Appendix B: ∆ Electromagnetic current
General properties
The matrix-valued electromagnetic current of the ∆ can be written in the most general form as
The vertex involves two momenta, expressed through the ingoing and outgoing momenta P i , P f or by the average momentum P = (P i +P f )/2 and photon momentum Q = P f − P i . Since the particle is on-shell,
where τ := Q 2 /(4M 2 ∆ ); hence the Lorentz-invariant form factors which constitute the vertex can only depend on the photon momentum-transfer Q 2 . The RaritaSchwinger projector P αβ (K) for a general momentum K is defined via
with the transverse projector T 
By contracting Eq. (B1) with Rarita-Schwinger spinors u ρ (P f , s f ), u σ (P i , s i ) which are eigenstates of P αβ :
we obtain the current-matrix element P f , s f | J µ | P i , s i . The positive-energy projector is invariant under charge conjugation:
since C C T = 1 and C γ µT = −γ µ C. The same is true for the charge-conjugated Rarita-Schwinger projector:
Λ + (K) commutes with the bracket since γ
where Λ − (K) = (1 −/ K)/2 is the negative-energy projector. These relations will be useful in the following subsection.
Derivation of the electromagnetic current
The current J µ,ρσ (P, Q) in Eq. (B1) consists of four form factors. Γ µ,αβ (P, Q) is a five-point function: it has three vector legs and two spinor legs, and it depends on two momenta. Such a vertex has 144 tensor structures of definite parity which are given by all combinations of the 36 elements
and
with the four basic spinor structures
Applying the Rarita-Schwinger projectors reduces this set to 8 basis elements. First, only the unit matrix 1 survives upon sandwiching Eq. (B10) between the positiveenergy projectors, since for instance
where we have abbreviated Λ i,f
Moreover, a Rarita-Schwinger contraction of those basis elements in Eq. (B8) which involve instances of γ α or γ β yields zero due to Eq. (B4), while a contraction with Q α or Q β can be reduced to a contraction with P α or P β since
Discarding all basis elements involving γ α , γ β , Q α or Q β one then arrives at the following 8 tensor structures:
A further reduction can be achieved by imposing charge-conjugation invariance of the current J µ,ρσ (P, Q) which, because the Rarita-Schwinger projectors are charge-conjugation invariant, translates into chargeconjugation invariance of the vertex Γ µ,αβ :
It reduces the 8 components to 5:
The resulting current is now automatically conserved, i.e. Q µ J µ,ρσ = 0. The fifth tensor structure can be related to the first three by the following identity [78] :
As a consequence, the general electromagnetic current of the ∆ depends on four form factors F i (Q 2 ) and can be written as:
Using the Gordon identity
finally leads to the expression given in Eq. (11).
Extraction of the form factors
The electromagnetic form factors are extracted from Lorentz-invariant traces of the current J µ,αβ . Each index µ, α, β can be contracted with the momenta P , Q or a gamma matrix. For the Rarita-Schwinger indices α, β it is sufficient to consider the contraction with the momentum P due to the relations
The vector index µ can be contracted with either P µ and γ µ ; a contraction with Q µ yields zero because of current conservation. In addition, all indices can be contracted among themselves. Upon performing the Dirac traces one arrives at the following Lorentz-invariant scalars:
Further possibilities such as Tr{J µ,αβ / P }P µP αP β or Tr {J µ,µα }P α = Tr {J µ,αµ }P α linearly depend on (B18). We usedP = P/(iM ) to arrive at dimensionless quantities and γ µ T := T µν P γ ν to project out the component inP −direction. A computation in the Breit frame, where is an arbitrary momentum-partitioning parameter which must be specified prior to solving the BSE. α, β = 1 . . . 4 are the diquark's Lorentz indices. The quark-diquark amplitudes Φ ρα are the solutions of the quark-diquark Bethe-Salpeter equation (1) . The ingredients of Eq. (C1) are given by
and depend on the quark-photon vertex Γ µ q and the axialvector diquark photon vertex Γ µ,αβ dq . The quark and diquark momenta are:
The gauged kernel K µ,αβ contains the exchange-quark diagram and the seagull vertex M µ,α :
with
and momenta:
For explicit calculations we work in the Breit frame (B19) where ingoing and outgoing nucleon have opposite 3-momenta and the photon consequentially carries zero energy.
Quark-photon vertex
The general expression for the quark-photon vertex Γ µ q (k + , k − ) is derived from the Ward-Takahashi identity
and by imposing regularity at Q 2 = 0. It is given by
where k + and k − are outgoing and incoming quark momenta, k = (k + + k − )/2, Q = k + − k − , and
with the quark propagator's dressing functions A(p 2 ) and B(p 2 ) = M (p 2 )A(p 2 ). The first part is the Ball-Chiu vertex [86] . The transverse contribution Γ µ is not constrained by the WTI except for the fact that it must vanish at Q 2 = 0. In the present work we use a phenomenological ansatz which is modeled after a RL-truncated inhomogeneous BSE solution for the quark-photon vertex [82] . The latter includes a self-consistently generated vector-meson pole at Q 2 = −m 2 ρ whose contribution significantly increases the charge radii of pseudoscalar and vector mesons [82, 87] . The ansatz reads
where Γ µ vc is the ρ−meson amplitude as obtained from its homogeneous Bethe-Salpeter equation, x = Q 2 /m 2 ρ , and g ρ = √ 2 m ρ /f ρ with the computed ρ mass and decay constant. An additional function e −g(x) was implemented to optimize agreement with the vertex-BSE solution at low Q 2 and nucleon form factor phenomenology at intermediate Q 2 , see [54] for details.
Seagulls
The seagull vertices M µ,α satisfy a Ward-Takahashi identity similar to Eq. (C5) which involves differences of axial-vector diquark amplitudes [65, 81, 88] . The resulting vertex as derived from this WTI has again the form 
GeV
2 . The detailed structure and derivation of (C8) can be found in App. A.8 of Ref. [47] .
Diquark-photon vertex
The procedure which allows to derive the electromagnetic current for a composite particle can be generalized for an arbitrary composite vertex at off-shell momenta. Once the propagator of the composite object is known, the vertex is constructed as the 'gauged' inverse propagator, i.e. such that the photon couples to all its constituents. The Ward-Takahashi identity for the vertex is then automatically satisfied [80, 89] .
Starting from the expression for the axial-vector diquark propagator, Eq. (8), the axial-vector diquarkphoton vertex is constructed by coupling the photon to each of the constituents of the one-and two-loop integrals F µν and Q µν . These involve the impulse-approximation coupling to the quark, specified by the quark-photon vertex, and the coupling to the diquark amplitudes, i.e. the seagulls. The seagull terms vanish on the diquark's mass shell -hence the RL-consistent meson-or diquarkphoton current is described by the impulse approximation -but must be considered for off-shell momenta in order to satisfy the WTI.
Having determined the quark-photon and seagull vertices previously, the diquark-photon vertex is completely specified. It is given in App. A.7 of Ref. [47] .
Color, flavor and charge coefficients
The current matrix diagrams of App. C 1 still have to be equipped with color and flavor-charge coefficients. The full Dirac, color and flavor structure of the ∆ quarkdiquark amplitude is given by
where Φ µν is the Dirac-momentum part of Eq. (9) and δ AB its color factor, with A, B = 1, 2, 3 corresponding to the quark and diquark legs. The flavor matrices t i ab , where the index i = 1, 2, 3 belongs to the axial-vector diquark's three symmetric isospin-1 states, the index a = 1, 2 to the quark's two isospin-1 /2 states and the index b = 1 . . . 4 to the four isospin-3 /2 states of the ∆, are given by
